Abstract. We show that a control technique, based on feedback filtered at a Fourier plane, can stabilize the spatio-temporally disordered output of a nonlinear optical system. We demonstrate this in an experiment with a LCLV feedback system and in a theoretical model. We stabilize the system and select square and roll patterns. The technique is non-invasive in that the control signal becomes small when control is achieved. A combination of real-and Fourier-space filtering can stabilize patterns in any chosen region of the transverse space.
Introduction
The spontaneous formation of spatial patterns is a beautiful and exciting phenomenon, appearing in a large variety of open, extended and nonlinear systems. Over the last decade or so, these effects have been systematically investigated in nonlinear optics [1] [2] [3] . Such arbitrary processes can be quite obstructive from the point of view of applications and it is therefore important to develop schemes allowing one to control and steer such spontaneous effects.
The success of recent work on the control of temporal chaos has shown how relatively simple methods can work on a wide variety of different chaotic systems. Today, attention is focusing on spatial and spatio-temporal selforganization processes. First approaches to full control of higher-dimensional dynamics have been in the literature for a few years [4] [5] [6] [7] , but not many have been tested in real experiments.
Nonlinear optics provides an excellent test-bed for such studies. Furthermore, the properties of light itself can be used to implement control in an all-optical manner. There is no need for the detection of the system state, electronic or digital processing of this information and then electronic steering of a system parameter. This processing chain, as is common in controlling chaos, can be bypassed, with obvious speed benefits.
Control of spatio-temporal self-organization phenomena is not only interesting from a fundamental point of view, but is also crucial for applications: many nonlinear optical systems are key elements of modern technology, for instance in information transmission and processing. This paper deals with the realization of control by means of Fourier-space filtering in an extra control loop inserted into a nonlinear optical system. This technique, as proposed in [8] and later extended in [9] , works, at least in numerical simulations, in several nonlinear optical systems. An important property of this technique is that it is non-invasive: it stabilizes otherwise unstable states of the underlying system. When the target state is reached, the control signal vanishes.
Somewhat similar schemes, based on direct filtering of the field, have already been demonstrated experimentally in photorefractive systems [14, 15] . In this paper we give the first results obtained by using the feedback technique originally proposed in reference [8] . We will concentrate on a liquid crystal light valve (LCLV) system.
The idea of directly filtering the feedback field is not new in LCLV systems [10] [11] [12] [13] . Such an approach has been used to suppress phase distorsions on an input beam or to change the system so as to generate new patterns. Such methods are invasive, altering the stationary states of the original system. Our scheme does not directly filter the feedback field but instead uses an extra control loop, and the filter is designed so as to make our scheme non-invasive. Section 2 briefly reviews the basics of the optical feedback system, of the control scheme and of the underlying model. In section 3, experimental results and numerical simulations are presented, followed by a discussion of the control dynamics.
Basics

Experimental set-up
A diagram of the experimental set-up is shown in figure 1 . The experiment uses the beam from a frequency doubled Nd:YAG laser, passed through the beam expander BE. The aperture A selects the central part, of diameter around 8 mm, leaving a beam with an intensity almost uniform in cross section.
The beam is incident onto the read-out side of the LCLV, the device which provides the optical nonlinearity.
The LCLV itself is an optically addressable light modulator with an intensity sensitive write side (photoconductor) and a read-out side (liquid crystal layer) [16] [17] [18] [19] . A spatial intensity distribution of a wave incident onto the write side correspondingly decreases the impedance of the photoconductor. A quasi-static electrical field transfers this information to the liquid crystal layer, which changes its refractive index. This change causes a phase shift of the read-out wave. The LCLV is operated in reflective mode, i.e., the modulated read-out wave is reflected by the LCLV. Hence, the device acts in a similar way to a saturable Kerr-type nonlinearity. The voltage applied to the LCLV strongly affects the nature of this saturation but, for this work, is chosen so that the Kerr approximation is valid. The main advantage of using an LCLV is its high differential sensitivity, giving a phase shift of around 5π per (mW cm −2 ). With a spatial resolution of 30 µm and an aperture larger than 25 mm in diameter, a large aspect ratio of nearly 1000 can be reached. The slow temporal response, about 50 ms, eases the experimental detection and recording of the full dynamics of the spatial pattern formation process.
The beam incident onto the LCLV thus acquires a spatial phase modulation according to the intensity distribution at the write side. This modulated beam is then fed back to the write side by means of the beam splitters BS1, BS2 and the mirrors M1, M2 and M3. The physical length of the feedback loop is much longer than the optical propagation length needed. Therefore, after reflection at the LCLV and propagation over the required length L, the feedback wave is imaged, by means of the lenses L1, L2 and L3, onto the LCLV write side. The lenses L1 and L2 form a 4f set-up.
The diffraction of the beam over the distance L between the LCLVs read-out side and its write side leads to a transformation of the initial phase modulation into an intensity modulation, to which the photoconductor on the LCLVs write side will respond.
The Dove prism D is inserted to ensure an even number of reflections in the feedback loop and also to help balance unwanted rotations of the feedback wave in the transverse plane. Such rotations can occur due to misalignment of the mirrors and beam splitters. The CCD cameras allow the simultaneous observation of near and far field of the feedback wave.
It can be shown that such a set-up belongs to the class of the so-called single-feedback set-ups, as first analysed in detail by D'Alessandro and Firth [20, 21] . LCLV feedback set-ups have been investigated in many different configurations in recent years [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] , in some cases with additional geometric transformations in the feedback. Here, we will refer only to a set-up where the rotational symmetry of the feedback is preserved [24, [30] [31] [32] .
For small input intensities, homogeneous in space, the near-field output seen at the CCD camera is also homogeneous. However, when the input intensity exceeds a certain threshold, the homogeneous state becomes modulationally unstable to the growth of a transverse wavevector with well-defined modulus, K c . As a result of these wavevectors' growth and nonlinear competition, spatially periodic patterns evolve. In the configuration described and used here, the formation of hexagonally arranged bright spots dominates over other patterns. In the far field, this corresponds to a central peak surrounded by six peaks equally spaced on a ring; harmonics of these peaks can also be seen.
On further increasing the input intensity, the regular, stationary patterns undergo a secondary instability: longrange spatial order breaks down and the pattern becomes dynamic [30, 33, 34] . In the far field, the ring around the central peak becomes almost uniformly illuminated, showing the excitation of all wavevectors with modulus close to K c .
The control scheme
The main goal of our control scheme is to stabilize patterns such as rolls, squares, hexagons or honeycomb structures. Although such patterns can be made up of many individual peaks, they have a compact representation in Fourier space. This suggests that one should attempt to control such systems there, rather than in real space. This is particularly practical in optics, as a simple lens arrangement can give real-time, all-optical access to the Fourier transform of a pattern.
The second goal of our control scheme is to achieve stabilization by making the smallest perturbation possible to the original system. Furthermore, the perturbation should vanish identically when the target state is reached. In this way, we ensure that it is a solution of the underlying system which we stabilize, not one which is imposed upon the system from outside [35] . We hope only to alter the stability of these solutions, not their nature.
The method proposed in [8, 9] and implemented here is to generate a control signal by suitable filtering of the feedback wave in Fourier space. In the experimental setup, the extra control loop consists of the mirror M4 which forms a Michelson interferometer together with BS2 and the original feedback mirror M3. Between the lenses L4 and L5, is a Fourier plane which contains the filter. The loop is designed so that Fourier components, unwanted in the target pattern, are passed by the filter and interfere destructively with the existing feedback wave at BS2. This leads to a (small) discouragement of all modes not belonging to the target pattern. The Fourier components comprising the target pattern are blocked by the filter and so are left unaffected by the control loop. Consequently, when the target state is reached, the control signal necessarily vanishes.
The control strength is primarily set by the splitting ratio of the beam splitter BS2 and can be further reduced by inserting neutral density filters. The experimental results presented in the following were achieved for a control strength of around s = 0.4, corresponding to a ratio of 15% between the intensities in the control and main feedback loops. Since this technique relies on interference between the control loop field and feedback field, care has to be taken to match their wavefronts. Any misalignment or lens aberration will have a detrimental effect on this interference, and hence the control.
For the given focal lengths of L4 and L5, at the Fourier plane, K c corresponds to a radius of 1.1 mm. To produce a filter with such a size, laser scanning lithography was used. A glass substrate was covered with a thin layer of chrome by vacuum evaporation. A photoresist was applied by spin coating and then the substrate was exposed by scanning a focused laser beam across the substrate. The laser spot size was set to the relative large diameter of 2.7 µm, allowing one to expose an area of about 3 × 3 mm 2 . After developing the photoresist, the substrate was etched. The filters used in the experiment are shown in figure 2. Black spots correspond to chrome-covered parts of the substrate where the control wave is blocked. Transparent areas will be transmitting and will lead to a destructive interference between the transmitted components and the feedback wave. The filters include all basic modes belonging to the target square or roll patterns as well as the harmonics, resulting from their nonlinear mixing, up to third order. Higher harmonics are not affected by the filter because, outside a given radius, the filter is opaque. The d.c. component, an important constituent of the target pattern, is also blocked. The spots on the filter are elongated in the radial direction, because of some uncertainty in the determination of the pattern scale in Fourier space. 
Model
The model equations for the LCLV system are given by
where B(x, y), the backward field incident on the write side of the LCLV, is related to the input optical field, F (x, y) through the relation
We choose to use a Kerr model [20, 21] , rather than a more complex one with internal threshold and saturation effects (see [31] and references therein) as a first 'proof of principle' step. More detailed simulations and quantitative comparison with experiments will follow in future work. The variable φ(x, y) is the phase shift given to the field at the read side of the LCLV;l is the scaled diffusion length. The time variable t has been normalized to the LCLV reaction time which is typically 50 ms. The spatial variables (x, y) have been normalized to the diffraction length (Lλ/2π) 1/2 . Note that, in principle, equation (1) should be a partial differential equation with a time delay because it takes a finite time for the field to transfer the information read from the LCLV to its write side. In practice, however, this delay is of the order of a few nanoseconds while the timescales involved in equation (1) are seven orders of magnitude longer.
The effect of the extra control arm described above is to change the write field B in equation (1) .
where s is the strength of the control signal. The value of this parameter is related to how much of the signal is split off into the control loop by BS2; the negative sign preceeding it implies destructive interference for the controlled modes. Note that the ratio of power fed into the control loop and that in the main feedback loop is s 2 . The operators F and F −1 are the Fourier transform and its inverse and M f (k x , k y ) has values between zero and one representing the Fourier filter. The term M r (x, y) will be discussed later and, for the moment, takes a constant value of one.
Results
Experiments
In order to test the control scheme, the experimental parameters were set so that, without control, the system produces strongly disordered and dynamical patterns. The supply voltage of the LCLV V ext influences both the sensitivity of the device and the nonlinearity. For the stabilization of rolls, the voltage was set to V ext = 12 V and the intensity of the input beam was chosen as voltages corrected to half value I = 400 µW cm −2 . For the case of the stabilization of squares, the parameters were set to V ext = 15 V and I = 120 µW cm −2 . Samples of the patterns observed at the near and far field CCDs without control are shown in figures 3 (left) and 4 (left). It can clearly be seen that the complete annulus of the first unstable wavenumber is excited in both cases. The two distinct small intensity peaks next to the annulus result from parasitic reflections within the set-up and do not belong to the pattern formation process.
Within some hundred milliseconds of the control being switched on, with a strength 0.3 < s < 0.4, the system changes towards the target state. The near and far fields of the stabilized target states, rolls in figure 3 (right) and squares in figure 4 (right) are shown. In both cases, higher harmonics of the unstable modes are clearly visible, justifying their inclusion in the Fourier filter mask.
Numerical simulations
We have integrated equation (1) numerically using a splitstep Fourier method, the linear part being solved in Fourier space and the nonlinear part with a second order Runge-Kutta method. The time step was dt = 0.05 and we used a spatial box with 128 × 128 grid points and of size 32π/K c , where K c is the most unstable transverse wavevector [20] . Critical cases were checked with a 256 × 256 grid.
The Fourier space masks used for the stabilization of rolls and squares are similar to those in figure 2. Note that the rolls and squares which we stabilize have a wavevector equal to 1.2K c . In principle, we can stabilize patterns with any chosen value of K; this choice was made based on the observation that this wavevector was predominant in the turbulent evolution. That the observed far field is comprised of larger wavevectors is not surprising since the linear analysis [20] predicts that the wavevector which has maximal growth increases above threshold. Figure 5 shows the results of a simulation controlling rolls and squares. Panels (a) show the near and far fields of the turbulent state with the control arm blocked. Panels (b) are with the control arm active, with strength parameter s = 0.6, and the mask designed to control rolls. Panels (c), with strength parameter s = 0.4, use the mask designed to control squares. Other parameters are given in the figure caption.
Discussion
The experimental and numerical results presented above show that the proposed control scheme does meet our main goal of stabilizing a desired pattern. How well do we achieve our second goal, of minimizing the perturbation to the system?
To get a feel for the magnitude of the signal supplied by the control arm we ran a simulation, with periodic boundary conditions, for the stabilization of rolls. During the simulation we kept track of the space-integrated magnitude of the controlling feedback field and plotted its time evolution in figure 6 . At the beginning, the control feedback field is generated, but not applied to the system. In the region between 20 and 40 time units, the control is applied, stabilizing rolls. Notice that the strength of the control decreases exponentially down to a floor set by noise added in the simulation. Note that the control arm is exerting an extremely small perturbation to the system, leaving its solutions unaltered. This small perturbation is, however, extremely important since its presence alters the stability of the roll solution. Any noise causing the system to move away from the roll solution is compensated by the control signal. This is illustrated after 40 units of time where the control signal is no longer applied, but its strength is still monitored. The system grows exponentially away from the unstable roll solution. Before returning to the dynamical state the system first passes through a meta-stable squares state. This seems to imply that, for these parameters, squares are less unstable than rolls which is corroborated by the observation that a larger feedback strength s was required to stabilize rolls in figure 5 than that required for squares.
For these parameters, the system's preference for squares is further emphasized by the fact that we were able to stabilize them at all! In fact, Martin et al [8] were unable to control squares, in a saturable absorber in a ring cavity, without the inclusion of a secondary, rotated control beam to distribute energy amongst the modes of the square pattern. Because, in that system, rolls are more stable than squares, a filter such as that shown on the right of figure 2 would produce rolls, the Fourier modes required to produce them being a subset of those required for squares. The LCLV system prefers squares to rolls and so the mask on the right of figure 2 successfully produces squares.
Before concluding, we would like to stress the advantages and disadvantages of our feedback tecnique with respect to the direct insertion of a mask in the main feedback loop [14, 15] . This latter method can be shown to be mathematically equivalent to the former method with s = 1, with a mask which is the inverse of the ones we describe here.
A method, like ours, which allows s ≪ 1 is beneficial for a number of reasons. While being non-invasive when the target state is reached, the bigger is s, the greater the kick on the system in the transients before reaching that state. This has critical relevance when a finite beam size is considered [9] . In this case, the Fourier modes of the target state are broadened: they can be approximated by the Fourier transform of the input beam. The shape of the Fourier mask thus becomes critical: if the spots in the mask are too broad, then we find that the control is ineffective; if they are too narrow, then the broadened modes of the target state will not be fully blocked by the mask. We find that the compromise situation usually involves the mask transmitting a small part of the target state, meaning that the control signal does not exactly vanish at stabilization. The power in this residual signal is, however, proportional to s 2 , making methods with small s far less invasive, in the spirit of control of chaos and turbulence.
Another advantage of our technique is that it can easily be coupled with real-space filtering. This is demonstrated in the simulation shown in figure 7 where the field in the control arm is further masked, in real space, by the term M r (x, y) in equation (3), so that the control is applied only in the lower left corner of the periodic domain.
In conclusion, we have demonstrated in theory and experiment that a relatively weak control signal, suitably filtered at a Fourier plane, can successfully control a nonlinear optical system showing dynamic and disordered behaviour. The technique can select between square and roll patterns and is non-invasive in that the control signal becomes very small when stabilization is achieved.
